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Abstract
This study investigates the optimality of the shape of a snake
robot in relation to the obstacles in the environment around it.
A certain focus is given to the challenge of finding an optimal set
of contact forces based on some optimality criteria. A controller
scheme for realizing these contact forces on a dynamic snake
model with obstacle compliance was presented, but further de-
velopment and testing is required to have a definite conclusion
as to the success of this particular approach.
v
vi
Sammendrag
Denne studien undersøker hvorvidt en slangerobots form er op-
timal med hensyn til hindringsmiljøet den befinner seg i. Et spe-
sielt fokus blir gitt til utfordringen med a˚ finne et optimalt sett
med kontaktkrefter gitt forskjellige optimalitetskriterier. En reg-
ulator som realiserer de ønskede kontaktkreftene p˚a en dynamisk
slangerobotmodell i et hindringsmiljø foresl˚as, men videre utvikling
og testing er nødvendig for a˚ treffe en definitiv konklusjon om
hvorvidt denne framgangsm˚aten er egnet eller ikke.
vii
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3Chapter 1
Introduction
1.1 Background and motivation
Snakes are fascinating creatures, different in many ways from other ani-
mals. They are among a select group of animals that move without the use
of limbs, yet this does not seem to hinder them when it comes to moving
swiftly, efficiently and flexibly. Despite unevenly and cluttered terrain, like
heavy underbrush, gravel or along trees, snakes show a remarkable ability to
overcome obstacles and even use them to their benefit for achieving propul-
sion. The biological study of snakes is the foundation on which the research
into snake robots rests.
A possible definition for a snake robot is: A snake robot is a mecha-
nism of serially connected joint modules capable of bending in one or more
planes [1]. Each joint module can be viewed as an approximation to one
piece of the vertebrae of a snake. Snake robots are scientifically interesting
for several reasons. Firstly, there is a certain fascination of snakes and their
unique and elegant way of movement, which leads to a desire to realize this
within an artificial mechanism. Secondly, the shape of a snake, is replicated
by a number of things we surround us with, e.g. ropes, hoses and wires. An
understanding of snake movement could lead to improved automation and
4Figure 1.1: The snake robot Kulko developed at NTNU for locomotion in un-
structured environments.
control of objects such as a fire hose. Consider a burning building too hot or
damaged to risk sending in fire men. A robotic fire hose with vision sensors
could enable the extinguishing of the fire from a safe distance. Thirdly, to
increase the repertoire of robotic movement. We have already succeeded in
making a number of robots with wheels, belts and a number of legs. How-
ever, snake-like robots, just like their animal counterparts, bring a new form
of locomotion to the table. A snake-like robot could be able to move through
pipes and narrow holes, navigate difficult terrain like mud or debris and lift
its body to traverse obstacles or climb in the vertical direction. The range
of wheeled or biped robots are limited when it comes to tasks such as these.
Research on snake robots have been conducted for several decades. The
pioneer in the field of snake robotics was Shigeo Hirose who developed the
first snake robot in 1972 [2]. In the wake of his endeavours, several complex
and impressive robots have been developed. However, these robots are still
confined to the safe and controlled surroundings of the lab and there are
no applications of a snake robot that serves any practical purpose as of yet.
There are several reasons for this, chief among them is the number of degrees
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of freedom a snake robot typically exhibits and that the interaction with
the environment is in general more complex than that of other robots. To
develop a snake robot that can function in the unstructured environments
of the real world would require good models, robust, yet flexible controllers
and a snake robot built to withstand water, dust and other dangers.
Figure 1.2: Snake robot locomotion in an unstructured environment.
This thesis targets the research into snake robot control with obstacles
and specifically obstacle-aided locomotion. The term obstacle-aided loco-
motion is introduced and defined in Transeth et al. 2008a [3] as ”snake robot
locomotion where the snake robot utilizes walls or other external objects,
apart from the flat ground, for means of propulsion”. Snakes are somewhat
unique in their ability to treat obstacles not as hindrances, but rather as
beneficial push-points. To realize the same behaviour in snake robots has
been a goal in several studies, but due to complex models and controllers
this is non-trivial.
This study aims to investigate the optimality of a snake robot’s shape
during locomotion in an obstacle environment and based on this, develop a
controller that can control the snake during obstacle-aided locomotion.
61.2 Structure of this thesis
The thesis is structured as follows:
• Chapter 2 contains a literature review on previous work and theory
focused on snake robot locomotion in an unstructured environment.
• In Chapter 3 we present a simple model of snake robot locomotion.
The model is simplified by assuming static conditions which makes
investigating the optimal shape of a snake robot easier.
• Chapter 4 details a controller scheme that consists of Control Al-
location method to find an optimal set of contact forces, a torque
distribution algorithm giving a mapping from the static model to a
dynamic N link model and an outline of the controller scheme.
• Chapter 5 presents the simulation results of the optimality investi-
gation and simulation of the dynamic system given the controller from
Chapter 4.
• With Chapter 6 we summarize the study with concluding remarks
and notes on future work
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Previous work and theory
The following section provides an overview of previous works related to this
study, that is, snake robot locomotion in an unstructured environment and
shape based control of snake robots. It is not within the scope of this study
to provide a more general review of snake robot literature and we refer to
[1] or [4] for a broader overview.
A snake robot operating under realistic conditions must be able to nav-
igate complicated and unstructured environment. However, the majority of
studies done on snake robotics have investigated flat-surface locomotion. In
order to realize the goal of practical snake robot appliances, more studies
on control in unstructured environments should be undertaken. Unstruc-
tured environments adds to the complexity of the designing, modelling and
controlling of the snake robot compared to that of flat-surface locomotion.
In an unstructured environment the snake robot is required to sense the
environment, e.g. by vision and contact sensors, and adapt its locomotion
pattern accordingly. Thus, more advanced contact models and locomotion
control are needed. We shall divide the studies done on snake robots in an
unstructured environment based on how obstacles are handled, either by
avoiding them or by utilizing them as push points, as this seems to be a
critical assumption for the derived control approach.
82.1 Snake Robot Locomotion based on Ob-
stacle Avoidance
In the field of mobile robotics the traditional approach to dealing with ob-
stacles is to try to avoid them. Collisions might make the robot unable to
progress and cause damage to equipment. For snake robots some challenges
arises. Due to the oscillatory motion of the head it can be difficult to gain
consistent sensory information of the area in front of the snake robot.
Hasanzadeh and Tootoonchi 2008 [5] introduced the Forward Head
Serpentine (FHS) gait which aimed to minimize oscillations of the head
link. Sensory equipment are generally attached to the head link and the
FHS gait therefore aims to improve the measurements of these sensors by
keeping the head link as fixed as possible in the direction of motion. A
two-level PID control scheme was used to implement obstacle avoidance,
where the snake robot entered ”obstacle avoidance”-mode when close to an
obstacle.
Wu and Ma 2011 [6] developed a snake robot with contact force sensors
along the snake and an IR-sensor at the head link and controlled it using
a Central Pattern Generator (CPG) controller. A CPG-controller gener-
ates rhythmic control signals as input and has been studied in relation to
snake-like robots on a number of occasions [7], [8], [9]. The snake robot
was modelled in 3D and was able to adapt to changes in ground curvature
so that if one link was temporarily suspended in the air, local link angle
adaptation would occur, rotating neighbouring links so that the suspended
link regained ground contact. For obstacle avoidance only 2D-scenarios were
considered and the snake robot was found to successfully detect and avoid
obstacles.
Several studies have implemented obstacle avoidance in snake robot by
Chapter 2. Previous work and theory 9
the use of Artificial Potential Field theory (APF). Briefly explained, APF
models imaginary force fields around objects that are either repulsive or
attractive on the robot. The target of motion, e.g. a waypoint, emits an
attractive force field while obstacles, other robots or the robot itself emits
repulsive force fields. The strength of these forces might increase as the
robot gets closer. Ye et al. 2010 [10] utilized APF principles to implement
a controller capable of obstacle avoidance where the repulsive forces from
the obstacles directly influences the heading of the snake robot as it comes
closer to the obstacle. Yagnik et al. 2010 [11] implemented APF by two-
dimensional Gaussian functions and used an optimization technique called
Simulated Annealing that enabled the snake robot to get out of local mini-
mas created by a standard APF approach, i.e. a scenario where the repulsive
forces from nearby obstacles renders the robot unable to move.
Instead of completely avoiding collisions with obstacles a less strict ap-
proach can be taken where the robot is allowed to collide with the obstacle,
but the collision should be controlled so that no damage to the robot occurs.
This approach was termed obstacle accomodation and investigated by Shan
and Koren 1993 [12]. A kinematic approach to the problem was considered,
where the constraints imposed on the snake robot by the obstacles was mod-
elled. In Shan and Koren 1995 [13] a general inverse kinematics solution to
a 2D robot in contact with obstacles was formulated.
2.2 Obstacle-aided Snake Robot Locomotion
Natural snakes seems to exploit the obstacles in their surroundings, using
stones or branches as push points to move faster and more efficiently. This
property of snake locomotion has inspired an approach where obstacles are
not seen as a hindrance for the snake robot, but as a potential push point. To
understand the concept, it can be beneficial to visualize the simple scenario
10
Figure 2.1: A snake body segment in contact with three obstacles. Image source
[15]
shown in 2.1. The issues presented in Gray 1946 [14] shall be used to present
the idea of obstacle-aided locomotion.
In his broad study of snake locomotion, Gray studied how external
forces could be utilized to achieve forward propulsion even though these
forces acted normally to the surface of the body. Although the goal was
to show how flat surface locomotion was possible by using motion patterns
like lateral undulation, this was visualized by letting three consecutive snake
body segments be in contact with smooth rigid pegs, which has the same
effect as friction forces in the lateral direction, and showing how potential
energy in the axial muscles can be translated to kinetic energy, i.e. forward
movement. This is in many ways analogues to obstacle-aided locomotion.
Consider the reaction forces from peg P2 and P3 in Fig 2.2 and the
point of intersection p. It is evident that if the angles between the segments
are not equal, that is α 6= β, the reaction force from peg P1 will not intersect
at p and, given tension in the tensile element Mr2, the structure cannot be in
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Figure 2.2: Three consecutive snake body segments in contact with three smooth
rigid pegs. Contact forces R3 and R2 meet in the point P , but R1 does not.
Decomposing R1 into two force components, one lying along the link axis, denoted
F , and one aligned to meet in the point P , denoted G, shows the relation between
the propulsive force F and the link configuration. Image source [14]
equilibrium. By formulating the force and torque balances, it can be shown
that the propulsive force F in the direction of travel can be expressed as
F = T
l
sinα− sinβ + sin(α− β)
1 + cosα (2.1)
where T is the torque in Mr2 and l is half the length of a snake body segment.
Notice that if the angles become equal or zero there will be no propulsive
force. If all the snake segment that constitutes the length of the snake are
12
Figure 2.3: A snake robot with n = 14 links arranged to achieve a gliding form
capable of forward propulsion. Image source [15]
arranged in such a matter it is possible to generate forward propulsion in the
direction desired by manipulating the joint torques. The resulting motion
is a wave-like pattern that closely resembles the movement of a real snake
performing lateral undulation.
Building on the works by Gray, Hicks 2003 [15] showed the necessary
conditions for locomotion via lateral undulation and provided a complete
mathematical model to describe the gliding form presented by Gray.
Transeth et al. 2008a introduced and defined the term obstacle-aided
locomotion. A hybrid mathematical model of the snake robot and its in-
teraction with the environment was presented. As opposed to some other
works, each link was modelled with both length and width and the areas at
the end of each link were assumed to be shaped like semicircles. This closer
resembles the shape of a physical snake robot link. The model included both
contact forces from the obstacles as well as isotropic friction forces from the
ground. Contact between the snake robot and an obstacles was described
by a gap function, the distance between a link and an obstacle, and was
modelled in a hybrid way, i.e. the snake is either fully in contact with the
obstacle or it is not, as opposed to a spring-damper approach. In Transeth
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et al. 2008b [16] the framework was extended to a 3D snake robot model.
Experiments where conducted using both simulations and a physical robot
built as part of the research [17].
Bayraktaroglu and Blazevic 2005 [18] represented obstacles as spher-
ical rigid bodies and investigated snake robot locomotion when the snake
robot treated these obstacles as push points. Interaction between the snake
robot and the rigid bodies was seen as a continuously sliding contact and
was modelled through a spring-damper model due to the flexibility of a
physical snake’s skin. A physical robot was developed and constructed so
that internal and pushing actions were decoupled by fitting lateral plates
on each side of a robot link which were actuated separately from the joint
actuators and were used to push against obstacles. Bayraktaroglu et al. 2006
[19] extends upon this work. A physical snake model was developed and a
control algorithm for realizing lateral undulation in the presence of push
points was presented. The lateral plates were no longer needed and instead
the robot was fitted with sensors on each side, capable of detecting contact
with a push point. Once a new push point has been detected by the head
link an optimization process is commenced, fitting the shape of the snake
robot between the first two push points after some criteria. The optimality
of the shape is not considered.
Liljeba¨ck 2009 extended a flat-surface 2D snake robot model to include
an obstacle contact model [20]. The contacts were modelled as unilateral
holonomic constraints, with the reasoning that an obstacle will prevent the
snake robot from moving into the obstacle and will apply force in one di-
rection, i.e. away from the obstacle. The task is to calculate the forces that
satisfy this constraint and add to the equations of motion. The snake robot
was controlled using a leader-follower scheme and a jam resolution scheme
was developed that would examine the state of the snake robot and resolve
14
potentially jammed links by rotating links so that the propulsive component
of each link is increased. Liljeba¨ck 2010a [21] presented a contact model that
explicitly modelled the hybrid nature of the snake-obstacle interaction. This
approach extended on [20] by calculating contact forces with respect to the
normal direction of the robot links as opposed to the normal direction of
the obstacles themselves, removing the necessity of explicitly considering the
shape of the obstacle. Experiments were conducted with the physical snake
robot presented in Liljeba¨ck 2010b [22]. The wheel-less robot consisted of
10 links with a smooth hull and each link was fitted with contact sensors,
enabling the snake robot to sense its exterior.
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Chapter 3
A Static View on
Obstacle-Aided Locomotion
In the following chapter we present a model of a snake robot during obstacle-
aided locomotion. This model forms the basis for the latter discussions and
simulations of obstacle-aided locomotion.
3.1 Model assumptions
The following assumptions have been made in the modelling of the snake
robot
• The snake robot is assumed to be a continuous snake of finite length
(i.e. with an infinite amount of discrete joints) in contact with a known,
discrete set of obstacles.
• An obstacle is defined as an immovable and impassable object with a
fixed position, but no extension, that is to say, point shaped.
• Furthermore it is assumed that there is no loss of energy due to ground
fiction, friction along the obstacles or mechanical aspects in the joints
of the snake.
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• The extension in the transversal direction of the snake is insignificant,
i.e. we control the position of each point along the snake so that it
follows a given trajectory in space perfectly.
These assumptions result in a model that is somewhat removed from a
realistic scenario, but it is hoped that each of these aspects can be conquered
given time. We reserve a further discussion of this to a separate chapter and
to future works.
3.2 Modelling of obstacle-aided locomotion
The modelling efforts are based on the formulation of a recursive Newton-
Euler approach to modelling a robot manipulator as found in Spong 2006
[23] and adapted to include contact with obstacles. This has the added
benefit that an already established modelling approach is applied to a field
which has undergone comparatively little study. Consider Fig 3.1 which
depicts a rigid link i, illustrated in yellow, with a single point of contact,
illustrated in red, to the environment in addition to adjacent links.
Table 3.1 presents the mathematical symbols used to model the kine-
matics of the rigid link presented in Fig 3.1.
Assuming static conditions we can derive the following equations for
force and torque balance:
fi −Ri+1i fi+1 + κi = 0 (3.1)
τi −Ri+1i τi+1 + ri × (κi −Ri+1i fi+1) = 0 (3.2)
1Note that according to our configuration, the force from link i on link i + 1 would be
fi+1 so this is the reaction force working in the opposite direction; this explains the
negation. The force vector fi+1 is expressed in the coordinate frame of link i + 1; this
explains the rotation matrix Ri+1i . The same reasoning applies to the torque.
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i
Pi−1
Pi
κi
ri
τi
fi
−Ri+1i fi+1
−Ri+1i τi+1
αi
θi
γi = −1
yglob
xglob yi
xi
Figure 3.1: Illustration of the forces and torques acting on a rigid link i
Figure 3.2: Continuous snake robot in contact with eight point shaped obstacles.
Consider now the full length of the snake robot as presented in Fig 3.2
where the robot is in contact with n point shaped obstacles Pi , i ∈ [1, n].
We can now divide the length of the robot into segments corresponding
to the partition denoted link i in Fig 3.1. Thus, segment i is the segment
from, but not including, obstacle Pi−1 through, and including, obstacle Pi.
Symbolically we write this as
segmenti = (Pi−1, Pi]
where ( denotes an open interval and [ denotes a closed interval. The excep-
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Table 3.1: Parameters that characterize a rigid link i in contact with the envi-
ronment and adjacent links.
Symbol Description
Pi Point of contact between link i− 1 and link i.
Pi+1 Point of contact between link i and link i+ 1.
ri Vector from Pi−1 to Pi
fi Force from link i− 1 on link i.
τi Torque from link i− 1 on link i.
−Ri+1i fi+1 Force from link i+ 1 on link i. 1
−Ri+1i τi+1 Torque from link i+ 1 on link i.
κi The contact force from the obstacle on the link. Due to lack of friction
between obstacle and snake robot this force is normal to the tangent
of contact.
θi Angle between tangent at Pi and global x-axis
γi Contact parameter of link i. The value of the contact parameter is
γi = 1 when the contact force points along the positive link y-axis yi
and γi = −1 when it points along the negative link y-axis. The value
is γi = 0 when there is no contact.
αi Angle between contact force at PI and global x-axis. The tangent angle
θi and the contact angle αi are always related through the equation
αi = θi + γi pi2 .
tion to this partition is the ”tail segment”, [P0, P1] which includes both the
first obstacle and the end of the snake robot.
We can now attempt to derive the kinematics of the whole snake robot.
Starting at the front of the robot we analyse the anterior segment, the ”head
segment” (Pn and beyond), and recursively move backwards until we arrive
at the posterior segment [P0, P1] where we hope to find an expression for the
force and torque balances of the whole robot. As the head segment is not
affected by anything external to the robot it is straight forward to realize
that it does not affect the analysis. Thus we start by applying equations
Chapter 3. A Static View on Obstacle-Aided Locomotion 19
(3.1) and (3.2) on the segment (Pn−1, Pn]:
fn −Rn+1n fn+1 + κn = 0
τn −Rn+1n τn+1 + rn × (κn −Rn+1n fn+1) = 0
which, because there are no external forces fn+1, simplifies to an expression
where the torques and forces acting between the segments Pn−2, Pn−1 and
Pn−1, Pn is only determined by the contact force κn at Pn
fn + κn = 0
τn + rn × κn = 0
We now have an expression for fn which we can use in the next equation
as we move recursively backwards along the snake robot. The posterior
segment [P0, P1] is subject to the same process except, instead of a force f1
from a posterior segment, we imagine a virtual string σ fastened to the rear
of the snake, purposely hindering the snake from advancing, thus ensuring
static conditions. This is illustrated in Fig 3.2 where the string is fastened to
the fixed point Pf with the sting tensile force fσ acting between Pf and the
rear of the snake. For [P0, P1] we get the following force and torque balance:
fσ −R21f2 + κ1 = 0
−R21τ2 + r1 × (κ1 −R21f2) = 0
By recursively inserting into the forces balances for all the segments
we end up with an expression of fσ as a function of the set of contact forces
{κi} , i ∈ [1, n]
fσ = f({κi})
= −(κ1 +R21(κ2 +R32(...+Rnn−1κn))) (3.3)
20
The same approach of recursive insertion apply to the torques.
τn = −rn × κn
τn−1 = −(Rnn−1(rn × κn) + rn−1 × (κn−1 +Rnn−1κn)
...
τ1 = g(κi) (3.4)
giving, for torque number i,
τi = −
n∑
k=i
n∑
j=k
(Rk1rk)× (Rj1κj) (3.5)
The string σ and the string tensile force fσ are constructs only used
for modelling purposes ensuring that we have static conditions. The string
tensile force is the force with which the snake robot acts upon the environ-
ment. If we imagine that the string was cut, and the snake robot follows
the planned trajectory without drifting sideways from the path, the snake
robot would traverse the given trajectory with an acceleration equal to
aσ = fσ/m (3.6)
where m is the total mass of the robot. If we could control fσ, the snake
robot’s equation of motion would simplify to this scalar expression.
Equation (3.3) describes how fσ can be found as a function of the
set of contact forces {κi} and equation (3.5) how the joint torques τi must
be chosen to realize a given set of contact forces. A possible strategy for
controlling the snake could thus be:
1. Specify desired forward propulsion fσ.
2. Find an optimal set of contact forces {κi} that realizes given fσ.
3. Calculate and apply torques around obstacles τi as a function of the
set of contact forces {κi}.
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4. Find a mapping that maps the torques around obstacles to joint
torques for a snake with N discrete joints.
In addition, as we have mentioned, we must enforce some kind of position
control on the snake robot so that it follows a given trajectory. This trajec-
tory must be chosen so that it interacts with the set of obstacles {Pi} in the
tangents specified by the tangent angle vector θi
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Chapter 4
Control of Obstacle-Aided
Locomotion
In the following chapter we present the control strategy for obstacle-aided
locomotion. The first section contains an overview of control allocation and
the specific optimization problems related to snake robotics. The following
sections contains the rest of the controller scheme.
4.0.1 Control Objective
Fig 4.1 illustrates a spring tightly wound around a series of obstacles. Imag-
ine pulling at a point on the spring so that it moves away from an obstacle
and then letting go; the spring will snap back into position because of the
Figure 4.1: A spring tightly wound around obstacles. An illustration of the idea
behind the controller scheme.
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forces keeping it in place. Imagine that we could change the spring coefficient
at a point to create a moment around one obstacle. This would force the
whole spring to move to one side, along the spring’s path. If we could control
the snake robot to act like a spring with adjustable spring coefficients this
would be a good illustration of how it would work.
The idea of the controller is to utilize obstacles as push points for
propulsion. It is assumed that we have specified some path which makes the
snake robot impact several obstacles. The objective of the controller is then
to, at each time instance, find an input vector of joint torques that enables
the snake robot to achieve propulsive force from the obstacles while tracking
the path. The simplified static representation of a snake robot enables us
to consider optimality of a contact force scenario and make sound decisions
about which obstacles to utilize. One challenge lies in mapping the static
scenario to the dynamic snake robot.
4.1 Control Allocation
The Control Allocation Problem is the problem of distributing a total de-
sired control force among a set of redundant actuators [24]. It has been
widely used in marine sectors, but the following discussion will argue for its
relevance in snake robotics. For a system of n Degrees of Freedom (DOF) the
generalized control forces τσ ∈ Rn must be distributed among the control
inputs u ∈ Rr. Whenever r > n the problem is referred to as an overac-
tuated control problem, whereas r < n results in an underactuated control
problem. Control allocation is a method used on overactuated systems to
find the distribution of control force inputs that is optimal in respect to
some optimality criteria and has been used on marine vessels [25] and air
planes [26]. The following introduction to control allocation will be based
on Chapter 7.5 of Fossen 2002 [25].
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Control Law System
fc u
Control
Allocation
Figure 4.2: Block diagram of a feedback system with control allocation
4.1.1 Introduction to Control Allocation
A marine vessel may have a number of different actuators e.g. propellers,
thrusters and fins. These typically vary in size, angle and energy cost. The
forces and moments for a 6 DOF vessel can be written in terms of the force
vector f = [Fx, Fy, Fz]T as
τσ =
[
f
r × f
]
=

Fx
Fy
Fz
Fzly − Fylz
Fxlz − Fzlx
Fylx − Fxly

(4.1)
where r = [lx, lt, lz]T are the moment arms. This can be written more com-
pactly as
τσ = T (α)Ku (4.2)
where u ∈ Rr and α ∈ Rp are control input vectors and f = Ku ∈ Rr
is a vector of control forces. The matrixK ∈ Rr×r, called the force coefficient
matrix, is a diagonal matrix that weighs the different control inputs. The
actuator configuration matrix T (α) ∈ Rn×r is defined as a set of column
vectors ti ∈ Rn which differs depending on the type of actuator. In 4 DOF,
the following examples show the column vectors of the azimuth thruster and
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the main propeller respectively:
tazimuth =

cosαi
sinαi
lyicosαi − lzisinαi
lxisinαi − lyicosαi
 , tmain =

1
0
0
lyi

In other words, the actuator configuration matrix T (α) contains informa-
tion on the geometric orientation of the actuator in regards to the vessel.
4.1.2 Unconstrained Control Allocation with Nonro-
tatable Actuators
The easiest control allocation problem is one where all actuators are uncon-
strained, that is, without bounds on the forces they can produce or the an-
gles they can achieve, nor the respective time derivatives. It is also assumed
that the actuators are not rotatable, i.e. with fixed orientation giving the
following actuator configuration matrix T = T (α0) where α0 is a constant.
To find an optimal distribution of control forces f we define the following
unconstrained least-squares problem [27]
J = min
f
{fTWf}
s.t. τσ − Tf = 0
(4.3)
where W is a positive definite weight matrix. It can be shown, the details
are found in [25], that the optimal solution can be found as
u = K−1Tωτσ (4.4)
with Tω = W−1T T (TW−1T T )−1. Note that (TW−1T T ) is here assumed
to be nonsingular.
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4.1.3 Constrained Control Allocation with Rotatable
Actuators
Because of safety and energy reasons there will in general be some con-
straints on the actuators. On a vessel with azimuth thrusters we can also
not assume that the actuator configuration is fixed, it would void the whole
concept of azimuth thrusters. For α not constant, the primary constraint
is:
τσ = T (α)f (4.5)
where α ∈ Rp represents the azimuth angles. Typically, the thrusters op-
erate in some sectors αi,min ≤ αi ≤ αi,max with a limited turning rate α˙.
The actuator configuration matrix changes and has to be computed at each
time sample. Where previously, it was possible to pre-check or pre-design
T (α) to be well behaved, we can no longer assume that (T (α)W−1T (α)T )
is nonsingular. Such a singularity means that no force can be produced in
certain directions and may be derogatory to the performance of the system.
The optimization problem is therefore adjusted to reflect the changes to the
problem:
J = min
f ,α,s
{
r∑
i=1
P¯i|fi|3/2 + sTQs+ (α−α0)TΩ(α−α0)
+ ρ
+ det(T (α)W−1T T (α)
}
s.t.
T (α)f = τσ + s
fmin ≤ f ≤ fmax
αmin ≤ α ≤ αmax
∆αmin ≤ α−α0 ≤ ∆αmax
(4.6)
where
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•
r∑
i=1
P¯i|fi|3/2 represents power consumption with P¯i > 0 being positive
weights.
• s is the error between the desired total force and the generated total
force, penalized by the term sTQs. Large Q leads to a solution close
to s ≈ 0 whenever possible.
• The constraints ensures that the forces, angles and angle rates is kept
within a feasible region.
• The term
ρ
+ det(T (α)W−1T T (α)
is added to avoid singular angle configurations (det(T (α)W−1T T (α) =
0. If  ≥ 0 is chosen small this term will penalize singular configura-
tions, i.e. it is large for these values of α. ρ ≥ 0 is a weight for which a
high value gives high manoeuvrability, but high power consumption.
The constrained control allocation optimization problem presented in
(4.6) is a non-convex problem that is generally difficult to solve. Non-convex
problems are characterized by having potentially a number of local optima,
making it difficult to find the global optima and we cannot generally guar-
antee finding a feasible solution in a given amount of time [28]. For systems
with a large update frequency, it would require a large amount of computa-
tion to run a non-convex optimization problem at every time step and Fossen
2002 [25] presents quadratic and linear approximations to the optimization
problem.
4.2 Finding an optimal set of contact forces
The following section contains a discussion on finding the optimal set of
contact forces that realizes a desired propulsion of the center of mass. The
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discussion is based on the static model that was presented in 3.2 and uses
control allocation as an approach to find the optimal contact forces.
Control allocation has been widely used on applications like marine
vessels and air planes, but less so on robotic applications. Many robotic
appliances are underactuated, which makes control allocation a pointless
pursuit. Indeed, the dynamic snake robot models presented in [20], [16] are
underactuated systems. However, simplifying the snake robot model to a
static case allows us to treat the snake robot in a way that is quite analogous
to a ship with azimuth thrusters.
Consider again equation (3.3), fσ = f({κi}), which gives the propulsive
force as a function of the obstacle forces. Each contact force is a function of
its magnitude and its direction, i.e. κi = |κi|∠κi = |κi|∠αi. If we expand and
express the result in the global x-y plane we can observe that finding fσ =
f({κi}) is akin to a control allocation problem with a 3 DOF representation,
where in addition to the total force in x- and y-direction, the moment around
the z-axis is also considered. The desired propulsion vector will be denoted
τσ =
[
fσ∑
τcom
]
As we are operating in 3 DOF the actuator configuration matrix T (α) ∈ R3
is quite simple, where column number i can be written as:
tobstacle,i = ti =
 cosαisinαi
lx,isinαi − ly,icosαi
 (4.7)
where li = [lx,i, ly,i]T is the moment arm. With each column in T (α) given
by equation (4.7) we derive the following:
τσ = T (α)|κi| (4.8)
It is now possible to solve the minimization problem given in (4.6) to find
a set of contact forces that realizes a desired τσ.
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For a snake robot following a pre-planned trajectory where each tan-
gent of contact is specified, constrained nonrotatable control allocation is
relevant. Finding the optimal propulsive vector could be formulated as the
solution that minimizes the error τσ−Tf while also minimizing the energy
expenditure. The optimization problem then becomes
J = min
f
{
fTWf + sTQs
}
s.t.
T (α)f = τσ + s
fmin ≤ f ≤ fmax
(4.9)
An alternative optimality criteria could be to minimize the variance
of amplitude of the contact forces. If only the energy efficiency is taken
into account an optimal solution would likely involve as few obstacles as
possible, to limit the amount of power used to generate obstacle forces.
However, a spring wrapped around several obstacles is more stable (meaning
it won’t slip away from the obstacles) than if it was just in contact with
two. Minimizing the variance of the contact forces will ensure that the snake
robot utilizes as many contacted obstacles as possible. We can write an
expression for the variance as:
n−1∑
i=1
κi+1 − κi
Adding this term to the cost function gives us the following optimization
problem
J = min
f
{
fTWf + p
n−1∑
i=1
|κi+1 − κi|+ sTQs
}
s.t.
T (α)f = τσ + s
fmin ≤ f ≤ fmax
(4.10)
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κ1 κ2
κ3
P1
P2
P3
fσ
Figure 4.3: An example of a configuration that is unable to produce the desired
propulsive force
where p is a scalar weight and the energy efficiency term is still included.
Here, it is assumed that the snake robot follows a planned path and
is not allowed to change the tangent of contact with an obstacle. The con-
trol variable is therefore only the magnitude of the contact force. This will
make some configurations unable to produce a desired propulsive vector, an
example illustrated in Fig 4.3. By examining T (α)T (α)T it is possible to
predict if this is the case, as it will be singular if the given configuration is
not able produce force in certain directions. When planning the path of a
snake robot, care should be taken to avoid such singular configurations. A
strategy for path planning in an unstructured environment is however not
within the scope of this thesis.
Allowing small changes in the tangents of contact is a way to compen-
sate for a sub-optimal path, providing flexibility and possibly efficiency. It
is possible to imagine a scenario where a new obstacle is reached and some
local optimization around the old obstacles is beneficial. The necessary aug-
mentations to (4.9) to allow for small changes in α is given by (4.6) and is
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repeated here for consistency
J = min
f ,α,s
{
fTWf + sTQs+ (α−α0)TΩ(α−α0)
+ ρ
+ det(T (α)T T (α)
}
s.t.
T (α)f = τc + s
fmin ≤ f ≤ fmax
αmin ≤ α ≤ αmax
∆αmin ≤ α−α0 ≤ ∆αmax
(4.11)
Recall that the last term of the cost function was added to prevent
singular configurations.
4.3 Torque Distribution
In the following section we describe a possible method for mapping the
torques of the static case, where each snake segment is defined as detailed
in Section 3.2, over to a snake robot with N discrete joints, each of length
l.
Solving the control allocation problem for a desired propulsive vector
τσ gives a set of contact forces κ. The static model presented in Section
3.2 gives us a relation between contact forces and torques, as described
in equation (3.5). These torques can be viewed as the torques from one
snake segment to another, or the torques around an obstacle. For a snake
robot with N discrete joints, we are however, interested in knowing the joint
torques. Fig 4.4 shows an example scenario.
Starting from the head of the snake, let di be the distance from joint
number i to the first obstacle in front of this joint, as illustrated in Fig 4.5.
As we progress backwards along the snake, this is done for each joint. This
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Figure 4.4: A snake robot with 10 links in contact with four obstacles. The
moments around each obstacle Ti should be mapped to joint torques ui
κk
κk−1
di
di−1
di−2
di−3
Figure 4.5: di is the distance between joint number i and the first obstacle in
front of the joint
gives the following relation between the moment around obstacle k and the
joint torque at joint i
ui = τk + fk × di (4.12)
A possible way to implement this is to iterate along the snake, keeping
track of the latest obstacle and calculate the distance from each joint to the
current latest obstacle.
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4.4 Controller Scheme
In the following section we present a potential controller scheme for the
snake robot. We assume that the snake robot is described by a dynamical
model in an obstacle environment
4.4.1 Controller implementation
A desired propulsive vector τσ is calculated, based on the given path of the
snake. Using Control Allocation, a set of contact vectors κ is calculated,
based on some optimality criteria. By using the static representation of a
snake robot presented in (3.3) and (3.4) the moments around each obstacle
is calculated. With the mapping from moment around an obstacle to joint
torques given by (4.12), the input vector u is calculated and applied to
the system. In the assumptions for the static model we assume that the
extension in the transversal direction of the snake is insignificant. That is, if
an obstacle lie along the path that we choose for the snake robot, we must
have some kind of position control that ensures a gliding motion along the
obstacle. The controller is presented on a block diagram form in Fig 4.6
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Path
CA
Static
Model
System
Calculate
Position
θ, θ˙
pCM , p˙CM
Calculate
Joint Torques
τσ
(x, y)ref
(x, y)
κ
u
τ
Figure 4.6: Block diagram of the controller scheme
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Chapter 5
Simulation results
5.1 Calculating the optimal set of contact
forces
In the following is a presentation of the calculation results of the discus-
sion regarding how to find an optimal set of contact forces. Calculations are
shown for the scenarios of both a constant tangent angle and a non-constant
tangent angle. Note that constant tangent angle implies a prespecified tan-
gent angle whereas a non-constant tangent angle implies that we allow the
tangent angle to deviate from what is prespecified.
The calculations was done on a computer running Windows 7 and
Matlab R2010b and are based on the model and nomenclature described
in Section 3.2. The optimization problem is solved using the Matlab func-
tion fmincon running the sqp solver. As initialization, a set of obstacles
P = [Px,Py]T , an initial set of tangent angles θ = [α1, α2, ..., αn]T and
corresponding contact parameters γ = [γ1, γ2, ..., γn]T was given.
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5.1.1 Energy efficiency with prespecified tangent an-
gles
Finding the optimal set of contact forces for the case of prespecified tangent
angles was solved by optimizing (4.9) with n = 3 and n = 4 obstacles. The
desired propulsion vector was the same in both cases and, excluding the
last obstacle, the same is true for the parameters related to obstacles. The
following parameters was given:
P =
[
P1 ... P4
]
=
[
0 2 4 6
0 2 −1 1
]
θ =
[
−30◦ 45◦ −54◦ 54◦
]T
γ =
[
−1 1 −1 1
]T
τσ =
[
−2 0 0
]T
The results of the calculations are presented in Fig 5.1 and it can be
seen that the calculated propulsion vector matches the desired propulsion
vector very well. This implies that the center of mass should experience an
acceleration of 2m/s in positive x-direction, 0m/s in y-direction and that
the total angular momentum is 0. It is interesting to note that the optimal
set changes when a new obstacle is encountered. The most valued contact
force in Fig a is κ1, but in Fig b it is zero.
Simulations was also done with n = 5 obstacles to show how the differ-
ence in chosen tangent angles (though still constant tangent angles) affects
the outcome of the calculations. The parameters given was
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(a) Calculated contact forces with three obstacles
(b) Calculated contact forces with four obstacles
Figure 5.1: Optimal set of contact forces for three and four obstacles respectively.
Each obstacle is marked by a red cross. The tangent of contact is marked by a
blue, dashed line. The force at each point is marked by the arrow, the direction
of the arrow indicating the direction of the force and the length indicating the
magnitude. τσ is the desired propulsion vector while T (α)|κi| is the calculated
propulsion vector.
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P =
[
P1 ... P4
]
=
[
0 2 4 6 8
0 2 −1 1 2
]
θ =
[
−30◦ 45◦ −54◦ 54◦ x
]T
γ =
[
−1 1 −1 1 −1
]T
τσ =
[
−2 0 0
]T
The results are presented in Fig 5.2. For the given propulsive vector,
θ5 = 90◦ is very beneficial and thus, obstacle five is very favoured, as can
be seen in Fig 5.2b. Of interest is also the fact that only three obstacles are
ever chosen. Because the optimization considers the energy efficiency of a
given set of contact forces, the best solution is to use as few obstacles as
possible.
5.1.2 Energy efficiency with non-constant tangent an-
gles
Finding the optimal set of contact forces for the case of non-constant tangent
angles was solved by optimizing (4.11) with n = 4 obstacles. The following
parameters was given where instead of a set of fixed tangent angles θ, we
supply a vector of initial values subject to appropriate constraints:
P =
[
P1 ... P4
]
=
[
0 2 4 6
0 2 −1 1
]
θ0 =
[
−30◦ 45◦ −54◦ 54◦
]T
δ = x
[
1 ... 1
]T
γ =
[
−1 1 −1 1
]T
τσ =
[
−2 0 0
]T
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(a) Calculated contact forces with five obstacles. θ5 = 50◦
(b) Calculated contact forces with five obstacles. θ5 = 90◦
Figure 5.2: Optimal set of contact forces for five obstacles. Each obstacle is
marked by a red cross. The tangent of contact is marked by a blue, dashed
line. The force at each point is marked by the arrow, the direction of the arrow
indicating the direction of the force and the length indicating the magnitude. τσ
is the desired propulsion vector while T (α)|κi| is the calculated propulsion vector.
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where we constrain the force angles α by the following relation
αmin = α− δ ≤ α ≤ α+ δ = αmax (5.1)
Fig 5.3 shows the results with δ = 5 and δ = 15. It is clearly beneficial to
use as few obstacles as possible to achieve the desired propulsion vector. In
Fig 5.3a, the obstacle P3 contributes somewhat while in Fig 5.3b the effect
is barely noticeable. The forces at P1 and P2 have been angled so that they
are able to realize the desired force while still maintaining moment balance.
5.1.3 Minimize force variance with prespecified tan-
gent angles
Finding the optimal set of contact forces that minimized the variance of the
contact forces was solved by optimizing (4.10) with n = 4 obstacles. The
following parameters was given to initialize the system:
P =
[
P1 ... P4
]
=
[
0 2 4 6
0 2 −1 1
]
θ =
[
−30◦ 45◦ −54◦ 54◦
]T
γ =
[
−1 1 −1 1
]T
τσ =
[
−2 0 0
]T
The results of the optimization is presented in Fig 5.4. The desired
propulsion vector is achieved while utilizing every obstacle for propulsion
5.2 Simulating a dynamic system with the
controller based on the static model
In the following section we discuss the possibility of using the torques found
as a function of the static contact forces as an input to a dynamic snake
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(a) Calculated contact forces with four obstacles and non-constant tangent an-
gles. δ = 5
(b) Calculated contact forces with four obstacles and non-constant tangent an-
gles. δ = 15
Figure 5.3: Optimal set of contact forces for four obstacles and non-constant
tangent angles. Each obstacle is marked by a red cross. The initial tangent of
contact is marked by a blue, dashed line. The force at each point is marked by
the arrow, the direction of the arrow indicating the direction of the force and the
length indicating the magnitude. αi is the optimized contact force angle
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Figure 5.4: Result of optimization based on minimum variance of the contact
forces. Each obstacle is marked by a red cross. The initial tangent of contact is
marked by a blue, dashed line. The force at each point is marked by the arrow,
the direction of the arrow indicating the direction of the force and the length
indicating the magnitude. τσ is the desired propulsion vector while T (α)|κi| is
the calculated propulsion vector.
robot model. This section tries to combine the controller scheme presented
in Chapter 3 with a dynamic model.
5.2.1 A brief introduction to the dynamic model
The dynamic model is based on the work of Liljeba¨ck 2011 [1] and will
only be briefly introduced in this report. We refer to [1] for further details
regarding development and analysis of the model.
The snake robot consists of N rigid links, each of length 2l intercon-
nected by N−1 motorized joints. All N links have the mass m and moment
of inertia J = 1/3ml2. We assume that the mass of each link is uniformly
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distributed so that the link centre of mass (CM) is located at its centre
point. See figures 5.5 and 5.6 for an illustration of the snake robot.
Figure 5.5: The kinematic parameters of the snake robot
Figure 5.6: Forces and torques acting on each link of the snake robot
It can be shown that the snake robot equations of motion are as follows:
The sum of forces on link i in global frame coordinates is given by
mx¨i = fR,x,i + hx,i − hx,i−1 (5.2a)
my¨i = fR,y,i + hy,i − hy,i−1 (5.2b)
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Table 5.1: Parameters that characterize the snake robot
Symbol Description
N The number of links.
l Half the length of a link.
m Mass of each link.
J Moment of inertia of each link.
θi Angle between link i and global x axis.
φi Angle of joint i.
(xi, yi) Global coordinates of the CM of link i.
(px, py) Global coordinates of the CM of the robot.
ui Actuator torque exerted on link i from link i+ 1.
ui−1 Actuator torque exerted on link i from link i− 1.
fR,x,i Friction force on link i in the x direction.
fR,y,i Friction force on link i in the y direction.
hx,i Joint constraint force in x direction on link i from link i+ 1
hy,i Joint constraint force in y direction on link i from link i+ 1
hx,i−1 Joint constraint force in x direction on link i from link i− 1
hx,i−1 Joint constraint force in y direction on link i from link i− 1
The sum of torques for link i is given by
Jθ¨i = ui − ui−1 − l sin θi(hx,i + hx,i−1) + l cos θi(hy,i + hy,i−1) (5.3)
Letting x = [θT pT θ˙T p˙T ]T ∈ R2n+4 be the state variable of the system
and by expressing (5.2) and (5.3) on vector form for all N links we can write
the system in state space form as
x˙ =

θ˙
p˙
θ¨
p¨
 = F (x, u) (5.4)
To introduce external obstacles forces to the model, consider that the snake
is either in contact with an obstacle or not. This approach to contact mod-
elling makes the model a hybrid model. Contact with an obstacle can be
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modelled as a unilateral velocity constraint on the contacted link, expressed
as
γivn,1 ≥ 0 (5.5)
where vn,1 is the normal direction velocity of link i and γi is the contact
parameters of link i as defined in Table 3.1. The hybrid model of the system
uses two concepts called the jump map/set and flow map/set. A jump occurs
when a link impacts or detaches from an object and we say that a link is
an element of the jump set, if that link is in contact with an obstacle. Flow
occurs when the jump set is empty, which means that there are no impacts
and the state vector evolves according to the flow map. Without presenting
the details of the modelling process, the complete hybrid snake robot model
can be written as
x˙ = F (x, u) ,x ∈ C (5.6a)
x+ = G(x) ,x ∈D (5.6b)
where C is the flow set and F (x, u) is the flow map of the system and D
is the jump set and G(x) is the jump map of the system. This concludes
the introduction to the dynamic model used in the simulations.
5.2.2 Simulation
We were not able to show that the proposed controller could properly control
the snake to utilize the obstacles as push-points. Results done for simulating
the snake robot for one time step and applying the forces perpendicular to
select robot links proved inconclusive, yet promising in terms of achieving
the desired propulsion vector. However, no functioning position controller
was implemented, thus making simulation over longer periods of time useless
as the snake would just move away from the obstacles.
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A test case like the one illustrated in Fig ?? was set up to motivate
obstacle-aided locomotion. No position controller was implemented for the
scenario, but by actuating key joints it was possible to make the snake
robot move forward along the obstacles. Because there was no control of
the position this only worked as long as the snake had no place to move,
i.e. it was bounded by the obstacles. Still, it motivates the usefulness of
obstacle-aided locomotion and shows that it was possible to achieve desired
forward propulsion.
5.2.3 Discussion of simulating on the dynamic model
We weren’t able to show conclusive results that the control scheme could
control the snake robot when applied on a dynamic simulator. There might
be several reasons for that.
• Finding a good position controller turned out to be more difficult
than foreseen and is thus not added in the controller scheme. In the
simple scenario presented above we were still unable to control the
snake robot to actually follow the path while also applying the joint
torques that would give the desired contact forces. Note that path
following in this context is not the same as the path following controller
presented in e.g. Liljeba¨ck, Haugstuen 2010 [29] because this controller
only requires the heading to converge to given reference value, thus
creating an oscillatory motion around the path, while we require every
joint angle to follow the given path. The assumption from Section 3.1
was that we could track the path perfectly and was required for the
static model to have any relevance for a dynamic case.
• When deciding on a desired propulsive vector τσ we examine the path
of the snake and see what the propulsive vector has to be in order
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(a) Initial conditions of a test scenario involving a snake robot with N = 10
links and four obstacles.
(b) Simulation after 0.42 seconds.
Figure 5.7: Simulation of a test scenario where the initial position of the snake
is configured to be in contact with three obstacles. Torque is applied at joint 6
and the snake moves as a result of the obstacle forces. The red lines are obstacle
forces.
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for the snake to follow the path. There is, however, no feedback loop
designed for specifying a new τσ. Finding an expression for the veloc-
ity along the curve and controlling that could be a possible solution,
though no such controller has been proposed here.
• Finding a mapping from the static situation to the dynamic situation is
probably more complex than expressed in this thesis. The assumption
that we can find the next propulsive vector by looking at the snake
path requires us to know the time step which we generally don’t.
• Without a good position controller the snake robot would never lie
close to an obstacle for long enough to verify that the snake robot was
able to utilize an obstacle as an efficient push-point.
• The dynamic model assumes that each contact force affects the center
of mass of the link, which creates scenarios as that shown in ??b where
one obstacle produces force on the center of mass of two links, even
though the center of mass is not in contact with the obstacle itself.
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Chapter 6
Concluding Remarks and
Future Work
In this study we have reviewed previous works on snake robotic control with
obstacles. Secondly, we presented a static model of a snake robot in contact
with obstacles and investigated different optimality criteria for the shape
of the snake robot under certain assumptions and found ways to choose a
set of optimal contact forces given a desired propulsion vector. Lastly, we
proposed a controller scheme based on calculating the input torques as a
function of the desired contact forces and a position controller. No final
position controller was presented, however, and thus no real investigation of
performance could be done.
6.1 Concluding Remarks
Snake robot control in an unstructured environment is a challenging control
problem. There seems to be two different strategies of handling the obsta-
cles. Either trying to avoid them or by using them as push points. This
study has favoured the latter approach, as this seems to be how snakes op-
erate in their natural habitat. There has been presented various snake robot
models that accounts for obstacle forces, but common for all of them is the
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fact that they become quite complex and mathematical proofs and stabil-
ity analysis can be difficult. This study looked at a simplified case where a
snake robot in contact with obstacles was modelled in a static way. Thus,
various optimization problems could be tested for finding a set of contact
forces that matched a given propulsion vector. If energy efficiency is valued
highly, the snake robot should tend to choose as few obstacles as possible
while still achieving propulsion. It is also possible to attempt to balance the
forces on all the obstacles available, which is probably robust in terms of
achieving propulsion.
A controller based on the static model in addition to a joint position
controller was proposed and was tried with a dynamic model of the snake
robot in an obstacle environment. No conclusions could be guaranteed to
whether the approach of static modelling is viable or if it’s too simplifying,
but certainly without a functional position controller it was not possible to
make it work in general.
6.2 Future work
Creating a functional controller seems to be the most important step in or-
der to validate the concept presented in this study with the added emphasis
on the joint position control aspect of the controller. An analysis regarding
stability and robustness of such a controller would then be required. If suc-
cessful on a simulator, the controller should be tested on a physical snake
robot.
The static approach to modelling the snake robot and its contacts
with the environment was based on several assumptions. Eliminating some
of these assumptions would make the modelling approach more accurate.
In terms of optimality of shape, little focus was given to the relation
between choosing the tangents of contact and the path in between the obsta-
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cles. Given friction, this will effect any attempts to optimize energy efficiency
and should be investigated. This could possibly be combined with a study
on how the snake robot can sense its surroundings and choose an optimal
path accordingly.
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